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u ∈ V = H10 (Ω)
ÆÍxÛ.-ﬁà<Í












0 <  ≤ 1, φ ∈ (W 1,∞(Ω))2 , c ∈ L∞(Ω), f ∈ L2(Ω), ÒáLBMba?Õ
c ≥ 0,∇.φ = 0 ¢M ¢M<]<k!l<f Ω. ÒáLBM s^Õ





u ∈ V ÆÍxÛ.-ﬁà<Í















f ∈ L2(Ω) Ò*n?RTdOQ¢zk!QZxwVZﬁY¢VUXZ[ðONﬁs'ñ*ÕxM
çZofQhofj|VUOik!if8RTSViZﬁl^|<fF]<k!l<f8goZmijQknTk!dOU-¢ÙZﬁ|Vn?ZﬁlEi/ ﬁijQZ«?hﬁl<hﬁQk!UOdXfhofFk!|gkTf]VZmµáRTQjY[ZofSVdOUOdOl<hk!dOQZofF{^|Vd
f)uvhogﬁQjdOn?ZﬁlEifRT|<f´U§kµáRTQjY[Z¬
































lgoRTl<fjdX]VWﬁQZp]#ubk!SRTQ]|Vl<Z-ijQjd§k!lV«'|VU§k!ijdXRTlm«'QR'ffjdXWﬁQZ TH ]VZ Ω Ò*UXZofehﬁUXhﬁY[ZﬁlEif
]VZpgoZﬁijiZ`ijQjd§k!lV«'|VU§k!ijdXRTlm¢Zﬁ|Vn?Zﬁl^i  ﬁijQZ\]VZofrijQjd§k!lV«'UXZofrRT|m]VZof{E|zkT]BQjdOU§k!iWﬁQZof)ågxµjM4æ<«'|VQZpLBMbL?ÕxåZﬁiUXZ-fRT|<fêÖZof¢zkTgoZ
]#uvhﬁUXhﬁY[Zﬁl^ifæ<lVdXfekTffR4gﬁdXh'¬


















































Ωh = Ω1,h ∪ Ω2,H Zﬁi©RTll<RTiZ Vh UXZfRT|<fêÖZofj¢zkTgoZ]#uvhﬁUXhﬁY[ZﬁlEif









uh ∈ Vh ÆÍxÛ -ﬁà<Í













uh ∈ Vh ÆÍxÛ -ﬁà<Í
ah(uh, v) = fh(v) ∀v ∈ Vh
s
kn?Zog
ah(u, v) = ε(∇u,∇v) + (φ.∇u, v) + (cu, v) +
∑
T∈Th
δT (−ε∆u + φ.∇u + cu, φ.∇v)T

























((φ.∇u, v) − (φ.∇v, u)) +
∑
T∈Th



















|c(x)| ¢RT|VQ T ∈ Th ÒáLBM 0'Õ






























ah(v, v) ≥ 1
2
‖v‖2SD ∀v ∈ Vh 	
À
l8]Vho]B|VdOir]VZ-goZ`ijy<hoRTQWﬁY[Z-UãuvZofjijdOYIk!ijdXRTlmk¢VQjdXRTQjd&f|VdOnTk!l^iZ[¬























































































R1,hϕ ∈ Φh 7→ R1,hϕ ∈ V1,h fRTUO|VijdXRTlF]B|8¢VQRTSVUXWﬁY[Z-f|VdOnTk!l^i






R2,Hϕ ∈ Φh 7→ R2,Hϕ ∈ V2,H fRTUO|VijdXRTlF]B|F¢VQRTSVUXWﬁY[Z-fj|VdOn'k!lEi¬















































u ∈ Vi,h Ò¶RT| Vi,H Õe¬
‖u‖2i = ais(u, u)
Zﬁir¢RT|VQ´iRT|Vi













|||ϕ|||h = ‖R1,hϕ‖1 ou |||ϕ|||H = ‖R1,hϕ‖2 ;






















Ï'Ý8à4Æ¶Ë*ÛÜË§ÅÍxÚêÄIÈ?ÄTÝVÅ©ÆãÏTàEÅ Í -oà^Ë1ÅÊà4Ë¶Æ:ÛXÍÊÅ [ÝÏTÚxÐIÍÊÅ©ÈEÍ&






























zh ∈ V 01,h
iZﬁU{^|<Z[¬










ÎÏTÚxÚjÍÆ¶Ë¶ÏTÝ TÛOÏ jÄ'ÛOÍ TÚjÏ!ÅÊÅÊËãôxÚjÍ ¬
À
l8gy<ZﬁQgy<Z
zH ∈ VH iZﬁU{^|<Z[¬





























































































zH ∈ VH iZﬁU:{E|<Z






h , v) = a1(R1,hTrΓe
k
h, v) + a2(e
k














h , v) = a(w
k








H + zH ,
RTlRTSVijdXZﬁlEiæ<lzk!UXZﬁY[Zﬁl^i{^|<Z`UãuvhﬁUXhﬁY[ZﬁlEi
e˜H ∈ VH n?hﬁQjdØæzZ'¬
a(e˜H , v) = a1(R1,HTrΓe
k















































v ∈ V 0i,H(i = 1; 2)
]<k!l<f\Ò*s<MbL?ÕﬁåVRTlkk!UXRTQfp¬
a(e˜H , v) = a1(R1,HTrΓe
k
h, v)− a1(R1,hTrΓekh, v) = 0
fRTdOi¬








































wH ∈ VH ÆÍxÛ -ﬁà<Í











ÍÊÅ-Æ¶ÚxË¶Ä'Ý Tà4ÛØÄ'Æ¶ËáÏTÝVÅ Th ÍﬁÆ TH 
oÏTÝzÆ#ÉBÄTÚﬁÆ¶ËáÍÈ&õ à^ÝÙÍ 

















ϕ ∈ Φh ÏTÝÂÄ






Riϕ ∈ H1(Ωi), i = 1, 2 å
fRTUO|VijdXRTl<fr]VZof´¢VQRTSVUXWﬁY[Zofefj|VdOn'k!lEif¬
ai(Riϕ, v) = 0 ∀ v ∈ H10 (Ωi)
Riϕ = ϕ sur Γ


















































, ϕ ∈ Φh}; τh = sup{
||R2,Hϕ||22
||R1,hϕ||21













≤ σh ≤ C21 ,
1
C21




























u ∈ H10 (Ω)
iZﬁU&{^|<Z





















































v ∈ H10 (Ω1)
iZﬁU{^|<Z






f ∈ Hα−1(Ω1) ¢RT|VQ|Vl α ∈ ]0, 1] æVwVh`Zﬁir{^|<Z¬













u ∈ V˜1,H åVRTlkk!UXRTQfr¢zk!Q]Vhxæ<lVdOijdXRTl¬
a1(u,w) = 0 ∀w ∈ V 01,H .
À
lnTkIZofjijdOY[ZﬁQ ||u||1−α ¢zk!Q|Vlmk!Qj«'|VY[ZﬁlEi©]VZ\]B|zk!UOdOih'åÙk!¢V¢ÙZﬁUXhpk!|<ffjd1k!Qj«'|VY[ZﬁlEi`]VZ\tdOifgy<Z'MP:RT|VQ©goZﬁU§kBåzfRTdOi
f ∈ Hα−1(Ω1) Zﬁi v U§kfRTUO|VijdXRTlF]B|8¢VQRTSVUXWﬁY[ZpkT]!îêRTdOl^iÒáBMb·?Õ]Vhxæ<lVd&f|VQ Ω1 M
À
lkk!UXRTQf¬
(u, f) = a1(u, v)




||v − w||1 .
£¥l8|VijdOUOdXfk!lEi©k!UXRTQf´U§ké¢VQRT¢VQjdXhﬁihp]#ubk!¢V¢VQRowBdOYIk!ijdXRTlmfjik!l<]<k!Q]Ffj|VdOnTk!l^iZIÒêð sTñ*Õx¬V¢ÙRT|VQ´iRT|Vi




||v − w||1 ≤ CHα||u||1+α
N 
ZﬁirUãu yEì4¢RTijy<WofZ\]VZ`Qhﬁ«'|VU§k!QjdOihIÒáBMON ?Õﬁå<RTl8RTSVijdXZﬁl^i¬







||f ||α−1 , f ∈ H









































|b1(u, v)| ≤ C||u||0 ||v||1
ZﬁlF|VijdOUOdXfk!lEieZﬁl<fj|VdOiZ©UXZ`UXZﬁYY[Z\BMbaZﬁi´UXZ`µák!dOi{^|<Z ||u||0 ≤ ||u||1−α åVRTlFRTSVijdXZﬁl^i¬
|b1(u, v)| ≤ CHα||u||1 ||v||1
c`k!l<frUXZ`gkTfRTä
v ∈ V˜1,H Zﬁi u ∈ V1,h å<RTlFk[k!UXRTQfr]BdOQZogﬁiZﬁY[ZﬁlEi¬






v ∈ V˜1,H k!UXRTQf¬
|b1(u, v)| ≤ CHα||u||1||v||1.




































ε∆u~b.∇v dx| ≤ CεδT ‖∆u‖0,T |v|1,T
≤ CεδT µinvh−2T ‖u‖0,T |v|1,T
Ò¶]#ubk!¢VQWofpÒáLBM 0'ÕÕ





























(−ε∆u + cu)~b.∇v dx| ≤ CHα||u||1||v||1.






















{ ∀ ε > 0 ,∃H0 > 0 iZﬁU&{^|<Z©¢ÙRT|VQ´iRT|Vi H ∈ ]0,H0] RTlrk :





















































a(wH , wH) = a1(R1,HShϕ,R1,HShϕ) + a2(R2,HShϕ,R2,HShϕ)
= ||R1,HShϕ||21 + ||R2,HShϕ||22 .
P1RT|VQ-YdOl<RTQZﬁQ`UXZY[ZﬁY\SVQZI]VZp«Ek!|<gy<Z[]VZégoZﬁijiZQZﬁU§k!ijdXRTlåRTl|VijdOUOdXfZUXZéijy<hoRTQWﬁY[Z[BMbLZﬁi`UXZofeQZﬁU§k!ijdXRTl<fIÒáBMb?Õ 
RTlRTSVijdXZﬁlEiek!UXRTQf)¬






a1(R1,Hϕ−R1,hϕ,R1,HShϕ) = a1s(R1,Hϕ−R1,hϕ,R1,HShϕ) + b1(R1,Hϕ−R1,hϕ,R1,HShϕ)




a1(R1,Hϕ−R1,hϕ,R1,HShϕ) ≤ (1 + ε)||R1,Hϕ−R1,hϕ||1||R1,HShϕ||1 ÒáBMONﬁs^Õ
NL
£¥lFgoRTY\SVdOlzk!l^iUXZof´QZﬁU§k!ijdXRTl<fÒáBMONa?Õ ÖÊÒáBMONﬁs^ÕﬁåVRTlRTSVijdXZﬁlEirZﬁlBæ<l¬








= a1s(R1,Hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ,R1,Hϕ−R1,hϕ)
ZﬁlF|VijdOUOdXfk!lEi©k!UXRTQf´Uãu dOl<hﬁ«Ek!UOdOih\]VZ\¡k!|<gyEì^Ö ¨4gy k!Q+[ZﬁiUãu yEì4¢ÙRTijy<WofZIÒáBMON'N)Õxå<RTlFRTSVijdXZﬁl^i¬
||R1,Hϕ−R1,hϕ||21 ≤ (1 + ε)||R1,Hϕ||1||R1,Hϕ−R1,hϕ||1
Zﬁi]VRTl<g'¬
||R1,Hϕ−R1,hϕ||1 ≤ (1 + ε)||R1,Hϕ||1
goZ\{E|Vd#l<RT|<f]VRTlVl<Z©æ<lzk!UXZﬁY[ZﬁlEi©kon?ZogÒáBMON?Õx¬






































































P1RT|VQZofijdOY[ZﬁQ ||R1,Hϕ−R1,hϕ||1 åVRTln'k|VijdOUOdXfZﬁQU§kfjì4Y[hﬁijQjdXZ`]VZ`U§kpµáRTQjY[Z a(., .) goRTYY[Z\fj|VdOi¬












































V˜H = {z ∈ Vh : a(z, v) = 0 ∀ v ∈ VH}
ZﬁiRTl8fj|V¢V¢R'fZ-k!UXRTQfr{^|<Z©UãuvRTlkU§ké¢VQRT¢VQjdXhﬁih\f|VdOnTk!l^iZ'¬
{ ∀ ε > 0 ,∃H0 > 0 iZﬁU{^|<Z`¢RT|VQ´iRT|Vi H ∈ ]0,H0] RTlk :































a(wH , wH) = ||R1,HShϕ||21 + ||R2,HShϕ||21 + b(wH , wH)




wH 6∈ V˜H ZﬁiRTl­l<Z¢ÙZﬁ|Vi]VRTl<gr|VijdOUOdXfZﬁQ²Uãu yEì4¢ÙRTijy<WofZÒáBMON 0'Õ¥¢ÙRT|VQ
ZofijdOY[ZﬁQrgoZ`iZﬁQjY[Z[åVRTl8n'kéhﬁik!SVUOdOQrgoZﬁ¢ÙZﬁl<]<k!lEiUXZ©Qhofj|VUOik!irfj|VdOn'k!lEi\¬
|b(wH , wH)| ≤ 6ε
(||wH ||2 + ||R1,Hϕ−R1,hϕ||21) ÒáBMON?Õ
£¥lFZx×ÙZﬁifjdRTl¢R'fZ'¬
wh = wH −R1,Hϕ + R1,hϕ å<k!UXRTQf]#ubk!¢VQWof\ÒáBMON)ÕRTlkB¬
a(wh, v) = 0 ∀ v ∈ VH
goZ\{E|VdZﬁl^ijQkXl<Z\{^|<Z
wh ∈ V˜H M
À
lkk!UXRTQf¬




wh ∈ V˜H Zﬁi R1,Hϕ − R1,hϕ ∈ V˜1,H å&RTlò¢Zﬁ|Vip|VijdOUOdXfZﬁQUXZof\y^ì^¢ÙRTijy<WofZofÒáBMON'N)Õ-ZﬁiÒáBMON 0'ÕxågoZI{^|Vd
]VRTlVl<Z'¬
|b(wH , wH)| ≤ ε
(||wh||2 + ||R1,Hϕ−R1,hϕ||21 + 2||wh||||R1,Hϕ−R1,hϕ||)
≤ 2ε (||wh||2 + ||R1,Hϕ−R1,hϕ||21)
ZﬁigoRTYY[Z ||wh|| ≤ ||wH ||+ ||R1,Hϕ−R1,hϕ||21
å<RTl8RTSVijdXZﬁl^i¬
|b(wH , wH)| ≤ 2ε
(





a(wH , wH) = ||wH ||2 + b(wH , wH)
≥ (1− 6ε)||wH ||2 − 6ε||R1,Hϕ−R1,hϕ||21.
£¥l8l<RTik!lEie{E|<Z'¬











(1− 6ε)||wH ||2 ≤ (1 + ε)
√



















































2s2 + 6ε(1 − 6ε)
2sε2 + (1− 6ε)2
]
{^|<Z`UãuvRTl¢ÙZﬁ|VirhogﬁQjdOQZ-fRT|<fU§kpµ¶RTQjY[Z'¬
f(t0) = δH g˜(ε) avec lim
ε→0
g˜(ε) = 1 .
À
lmké]VRTl<g






lFnTkYIk!dOl^iZﬁlzk!lEi©ZofjijdOY[ZﬁQ ||R1,Hϕ−R1,hϕ||1 ZﬁlµáRTl<gﬁijdXRTlF]VZ ||R1,Hϕ||1 M
À
lmké]#ubk!SRTQ]#¬
||R1,Hϕ−R1,hϕ||21 = a1(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ)




||R1,Hϕ−R1,hϕ||21 ≤ a1(R1,Hϕ,R1,Hϕ−R1,hϕ) + ε||R1,Hϕ−R1,hϕ||21
ÒáBMbL'L?Õ
céubk!|VijQZ\¢zk!Qjiå<RTlFk
a1(R1,Hϕ,R1,Hϕ−R1,hϕ) = a1s(R1,Hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ,R1,Hϕ−R1,hϕ)
]#uvRTäFUãuvRTlF]Vho]B|VdOiåzZﬁl|VijdOUOdXfk!l^irUãu dOl<hﬁ«Ek!UOdOihp]VZ\¡k!|<gyEì^Ö ¨4gy  ²k!Q+[Zﬁi´Uãu y^ì^¢ÙRTijy<WofZ
(H2)
¬
a1(R1,Hϕ,R1,Hϕ−R1,hϕ) ≤ (1 + ε)||R1,Hϕ||1||R1,Hϕ−R1,hϕ||1 ÒáBMbL'a?Õ
£¥lFgoRTY\SVdOlzk!l^iéÒáBMbL'L?ÕZﬁiÒáBMbL'a?ÕﬁåVRTlFRTSVijdXZﬁlEi¬
||R1,Hϕ−R1,hϕ||1 ≤ 1 + ε
1− ε ||R1,Hϕ||1 ;
goZ\{E|Vd#l<RT|<fr¢ZﬁQjY[Zﬁi]#uvhogﬁQjdOQZ-æ<lzk!UXZﬁY[ZﬁlEi¬
||R1,HShϕ||1 ≤ δHg(ε)||R1,Hϕ||1 avec lim
ε→0
































































































































h = 1/10,  = 0.001, δT = 0.05
kn?Zog\aélVdOn?Zk!|Bw8]VZ©Qk.q[l<ZﬁY[ZﬁlEi
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